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Abstract

We show that every cosmological polytope is combinatorially equivalent to the polar dual of an order
polytope, and that every hypergraphic polytope is combinatorially equivalent to a cross section of the polar
dual of a related order polytope. That is, the face posets of both cosmological polytopes and hypergraphic
polytopes can be described using specialized order polytopes. We show that this characterization implies
new realizations, specifically that the cosmological polytope is a root polytope. We find an explicit root
polytope realization for the cosmological polytope, which is simpler than the standard realization. We
use the new realization to conveniently prove a new cross sectional realization of hypergraphic polytopes.
This description allows for natural generalizations of the hypergraphic and cosmological polytopes to
pseudo-hypergraphs. Furthermore, the scattering facet of a cosmological polytope is seen as precisely the
polar dual of the associated order polytope. The scattering facet and thus the polar dual of any such an
order polytope (for any rank-2 poset) has its boundary partitioned into hypergraphic polytope face posets.
This relationship allows formulas for the f-vectors and polynomials of rank-2 order polytopes in terms of
hypergraphic polytopes.

1 QOverview

We connect cosmological polytopes, order polytopes, hypergraphic polytopes, and root polytopes. The
cosmological polytope C¢ is a polytope indexed by a pseudograph G = (V, E), first introduced to organize
the individual Feynman graph contributions to the so-called wavefunction of the universe [AHBP17]. These
polytopes have been studied both from a physics [AHBP17] and mathematics perspective [JSV25, KM25].
We review cosmological and order polytopes in Sections[3]and [4} Our first main result, Theorem []in
Section 5} is that every cosmological polytope is actually combinatorially equivalent to the polar dual of an
order polytope of a poset constructed from the pseudograph. Our proof shows this via direct bijections
between vertices and facets, and thus all faces. There are many direct implications of our result, as theorems
about either sort of polytope are now seen to apply to the other. We list some of those corollaries here, such
as new geometric realizations. For instance, we combine our results with Theorem D of [RW25], which
compares Stanley’s order polytope with a root polytope from a quiver based on the Hasse diagram. This

gives a new realization of the cosmological polytope as a root polytope, in Corollary [4] of Section [}
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Figure 1: Left: the cosmological polytope Cg associated to the pseudograph G from Example[g} Right: the
polar dual of the order polytope of the poset P’(G), denoted O(P’(G))*; the face lattice labeled by connected,
acyclic partitions of P’(G), as listed in Example [3]and demonstrating Theorem [3}
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Figure 2: Example of the bijection in the proof of Theorem|[5] The hypergraph G pictured two ways at far left
has hyperedges E = {{1, 2,4}, {2, 3, 4}}. The source sets of each hyperedge in the acyclic orientations are the
starting nodes for each pair of same color arrows. When the source set is the entire hyperedge the nodes are
highlighted. To the right is seen the corresponding labeling with acyclic connected partitions of P(G), which
is shown to be realized as a cross section of the polar dual of the order polytope.



Hypergraphic polytopes were recently defined and studied in [BBM1g|] and then in [BP26], and we
review those definitions in Section ] Our second main result, Theorem [5]in Section[7} is a way to see any
hypergraphic polytope as a cross section of the polar dual of an order polytope. Our proof again uses a
bijection, this time between faces of the hypergraphic polytope and a certain set of faces of the order polytope.
Then we use the realization of a facet of the comological polytope as a root polytope for a convenient way
to demonstrate the cross section realization for hypergraphic polytopes. In fact, all the faces of the order
polytope for a rank-2 poset can be set in one-to-one face poset equivalences with the dual face posets of
(sub)-hypergraphic polytopes, allowing a formula for the f-vector of the former in terms of the latter, in
Corollary [6]

2 Hypergraphic polytopes

Throughout we will deal with hypergraphs, usually allowing loops and multiedges as well. To emphasize
that, we often refer to pseudo-hypergraphs G = (V,E) where V is the set of nodes, and the collection of
hyperedges E is a multiset of subsets of V. Simple hypergraphs in contrast have no loops or multiedges.
Hypergraphic polytopes are defined in [BBM19] and [BP26]. Given a connected simple hypergraph G, a
partial orientation is a selection of a non-empty subset of each hyperedge as the source set, (or head), with

the complement in that hyperedge called the target set, (or tail), possibly empty).

Definition 1. A (partial) orientation S = {s, }.cg of G is a choice of non-empty source set @ # s, C e for each

hyperedge e € E. We refer to the complements ¢, = e \ &, as target sets.

Definition 2. Given an orientation S of a hypergraph G, we define a directed graph G/S as follows. Its
vertex set V /S is the set of equivalence classes generated by the relation s ~ s” whenever s, s’ € s, for some
e € E. Foreache € E and each t € t,, there is a directed edge [s.] — [¢], where [s.] denotes the common

equivalence class containing the elements of s,.
Definition 3. An orientation S of G is acyclic if the graph G/S contains no directed cycles.

Acyclic implies that there is no cycle formed by a series of non-empty subsets of sources: a1, 4, ..., ax

with a; Cs;,and a;41 C t;, and a C s1.

Definition 4. The hypergraphic polytope A¢ for G with n nodes is an (n — 1)-dimensional polytope with faces
labeled by the partial acyclic orientations, ordered by refinement. The vertices are the acyclic orientations

known as fotal orientations, whose source-sets are all singletons.

Examples are in Figures|sland |2} The source set of a hyperedge is shown as the set of starting nodes for
arrows. When the source set is the entire hyperedge the nodes are highlighted. The hypergraphic polytope
is realized as the Minkowski sum in [BBM19]], and we give a new realization as a cross section of an order
polytope in Section [7}

Remark 1. Our definition of hypergraph allows both repeated hyperedges and hyperedges of cardinality

one, which we will refer to as loops. The only consistent extension of the definition of acyclic orientations
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Figure 3: Two examples of hypergraphic polytopes.

on simple hypergraphs to these multihypergraphs or pseudohypergraphs is that the orientations on two
repeated hyperedges (with the same nodes) must be precisely the same. Otherwise the head and tail sets
for that same set of nodes would overlap, causing a cycle. Thus the multi-hypergraphic polytope will be
combinatorially the same as the hypergraphic polytope for the underlying simple hypergraph. Loops have
only one vertex, so it must be the element of the source set, and the target set must be empty. This can be

seen as equivalent to saying that loops may not have a direction assigned, since they will be cycles if so.

3 Cosmological polytopes

For a pseudograph G = (V, E), the cosmological polytope Cg has dimension |V| + [E| — 1 and is defined as
the convex hull of its vertices. We follow the definition in [AHBP17]:

Definition 5. Given a pseudograph G = (V, E), each edge e € E contributes |e| + 1 vertices to the cosmological

polytope. In particular, an ordinary edge ¢ = {u, v} and a loop ¢ = {w} contribute, respectively,

(Ve(CG) = {Pe/ Pe,urpe,v}r (VZ(CG) = {pé’/ pé,w}- (1)

The vertex set of the cosmological polytope is therefore V(Cg) = U,cg Ve (Cc).

Each vertex is assigned a point that is found as a vector sum of standard basis elements. For a multigraph
G = (V,E) we choose an arbitrary ordering of the edges ey, €2, . .., e, and of the vertices vy, v2, ..., vx. Then
we assign each vertex and edge in that order to the standard basis vectors of R**", with subcripts indicating
the assignment: e,,,..., ey, €., ..., €, . Then for each edge e = {u, v}, we assign the sums as follows:

Pe = Xe=€,+e,—¢

Peu = Xeu =€, —€y + €



Peo — Xep = —€y t €, + €
Then we define Cg as the convex hull of the points {x, X,,., X, } for all edges e € E.
Example 1. See the vertex points on the left of Figure[1} Using the coordinate ordering (x;, x¢, xy, x,), we get
the POintS: X; = (_11 Or 2/ O)/ Xe = (O/ _1/ ]-/ 1)/ Xeu = (O/ ]-/ ]-/ _1)/ Xe,v = (0/ 1/ _]-/ 1)/ and Xiu = (1/ 0/ Or Or )
Compare to our new realization, as seen in Example

All the vertex points do indeed turn out to be vertices of the convex hull, as shown in [AHBP17] One of
our goals is to define Cg for G a hypergraph, but this classic convex hull realization does not immediately
generalize to hyperedges. Our recognition of the combinatorial equivalence of the cosmological polytope
to the polar dual of a specific order polytope however will provide geometric realizations for the general
hypergraph cosmological polytopes as well as new realizations for the classic case. To prove our main result
we will use the following characterizations of the facets and faces of Cg in terms of subsets of vertices given
in [AHBP17].

Theorem 1. [AHBP17] Let G = (V, E) be a pseudograph. The facets Fy of Cg are in bijection with the connected
subgraphs H = (Vi, En) of G, corresponding to the vertex subset X € V(Cg) containing all vertices except:

® p, foranedgee € Ey;

® P, foran edge e € E incident to a vertex v € Vy, with e ¢ Ep.

Remark 2. The subgraphs H of G need not be induced and include both the single nodes of G and the
improper subgraph H = G itself. The facet F¢ is called the scattering facet.

Theorem 2. [AHBP17| Let G = (V, E) be a pseudograph. A subset X C V(Cg) is the vertex set of a face of Cg if and
only if it satisfies both of the following conditions:

1. Convexity condition. If for a node v € V and an edge e € E incident to v, the set X contains both p, and p. o,

then, for every edge f incident to v, X also contains both p s and p .

2. Cycle condition. Let 0 = (v1,e1,v2,€2,...,0Vk, ek, v1) be a cycle of G, where e; = {v;,viy1}, with indices

understood modulo k. Then {pe,,0,, Pes,02s - - - Per,on } S X if and only if {pe, vy s Pes,vsr - - - Per,on} S X.

Remark 3. For a loop 0 = (v, e,v), the two sets appearing in the cycle condition coincide, and the cycle

condition therefore imposes no additional constraint.

Example 2. Consider the pseudograph G with vertex set {u, v}, with loop ¢ = {v} and non-loop edge ¢ = {u, v},

as pictured in Figure 1] The vertex sets corresponding to faces of the cosmological polytope Cg are
dim3: {pe,peus Pes PejosPeuts
dim2: {pe, pe, Peo} APt Pous PerPents Peus PesPeods APEPesos Pe}s APeus Peos Dot
dim1: {peu, peuts {PeusPeots {PeorPent {Peu,pets {pe,Peu}ts P Pewts PesPent {pe e},
dim0: A{peu}, {ped, Apeud, peol {pe},

dim(-1): @.

*We are not sure that the current proofs clearly cover the loop edges; if not then the results here settle that question.



As G contains no non-loop cycles the only condition is the convexity condition at vertex u which forbids

subsets which contain exactly one of {py, p¢,.} or {pe, pe,u}-

4 Order polytopes

For a finite poset P, we follow Galashin [Gal24] and consider the order polytope O(P) of dimension |P| - 2.
(See Remark [5| for comparison with Stanley’s order polytope.) The face lattice of the order polytope is
described by a subset of partitions of P which we now describe.

A partition = 71| ... |mx of P is a collection of non-empty, pairwise disjoint subsets r; C P, called parts,
whose union is P. Given p € P, we denote by 71, the unique part of 7t containing p. When P is equipped with

a partial order, it is useful to introduce the following terminology.

Definition 6. A partition 7 of a poset P is called connected if, for every part rt; € 7, the subgraph of the Hasse

diagram of P induced by m; is connected.

Definition 7. Given a partition 7 of a poset P, we define the directed graph P/m whose nodes are the parts

of 7 and directed edge 7i; — 71; whenever there exist p € 7t; and g € 7; such that g covers p in P.

Definition 8. The partition 7 of P is said to be acyclic if P /7 contains no directed cycles. We denote by I1(P)

the set of connected, acyclic partitions of P.

Remark 4. If € [I1(P), then every part of 7 is order-convex, thatis, if p,r € 7;and p < g < r forsome g € P,

then g € ;.

Definition 9. For a finite poset P, the order polytope O(P) is a convex polytope of dimension |P| — 2 whose
face lattice is isomorphic to I1(P) ordered by reverse refinement. We review geometric realizations of the

order polytope in Section|[6]

Under this correspondence, the facets of O(P) are labeled by partitions with a unique non-singleton part
of the form {p, q} where g covers p in P, an edge of the Hasse diagram of P. The vertices of O(P) are labeled
by two part partitions 7 € II(P). Note that for a poset with a unique maximal element, the vertices will have
one part of their two part partition containing that max, and by convexity that part will be an upper ideal of
the poset. We will primarily work with the polar dual polytope O(P)*, whose face lattice is dual to that of
O(P). In particular, vertices and facets are exchanged. Thus in Figure the facets of O(P’(G))* are labeled by
two part partitions 7 € I1(P).

Example 3. Consider again the graph of example[2| As pictured in Figure|1} the connected, acyclic partitions



labeling faces of O(P’(G))? are:

dim3: fuevx,

dim2: ullevx, v|luex, Lulevk, uev|lx, Luev|x,

dim1: fuelv|x, Lulev|k, Lluevix, Lulvlex, uelv|lx, ulev|fx, L|lulevx, ulelv|lex,
dimO0: fulelv|x, ule|v|fx, Llue|v|x, L|lulev|x, L|u|v|ex,

dim(=1) : L|ule|v|* .

Remark 5. Order polytopes Os;(P) (with subscript added for clarity) were first defined by Stanley in [Sta86]
as the set of monotonic functions from a poset P to the unit interval. That is, the output of the function for
each element i € P is seen as a variable 0 < x; < 1, and the list of outputs from a function as coordinates of
a point x = (x1, x2, ..., x,). These points make a 0/1 polytope of dimension #, inside the unit hypercube
[0,1]". Equivalently, we can adjoin a new unique min and max to P often called {0, 1} respectively. The new
bounded poset is called P and the polytope Os;(P) is affinely (and thus combinatorially) equivalent to a new
version called (jSt(IS), still n-dimensional but now living in n + 2 dimensions. (jgt(ls) is defined by setting
the coordinates corresponding to the new min and max equal to o0 and 1 respectively, while keeping all the
inequalities x; < x; for i <j a covering relation in p.

The polytope we call O(P), given by the connected acyclic partitions of P, is described first by Galashin in
[Gal24]], where it is shown to be combinatorially equivalent to Stanley’s (jSt(P) when P is bounded, with
unique min and max. Thus Galashin’s order polytope is closely related to Stanley’s: if P is any poset, then
forming P will mean that Galashin’s O(P) is equivalent to Stanley’s (jSt (P) which is equivalent to Stanley’s
Os;(P). On top of that, for any connected P, Galashin’s O(P) is a codimension-2 face of Galashin’s o(P).
That's because faces are indexed by connected partitions, and P itself is part of the partition of P into three
parts: the max, the min and P. Further refinements by acyclic connected partitions recapture Galashin’s O(P)
as that face. But for P, Galashin’s and Stanley’s versions are combinatorially equivalent, so Galashin’s O(P) is

a face of Stanley’s version as well.

5 Combinatorial equivalence

In this section we show that the cosmological polytope Cg is combinatorially equivalent to the polar dual of

the order polytope O(P’(G)) for a poset P’(G) constructed from the incidence structure of G.

Definition 10. Let G = (V,E) be a pseudograph. The incidence poset of G is the rank-2 graded poset
P(G) = V U E with cover relations v < e whenever v is incident to e in G. The augmented incidence poset
P’(G) = V U E U {x} is obtained from P(G) by adjoining a maximal element %, with cover relations ¢ < x for

every e € E.

Example 4. The poset P’(G) constructed from the graph with one edge and one loop is displayed in Figure
The poset P’(G) constructed from the path graph with two edges is displayed in Figure
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Figure 4: Faces of Cg = O(P’(G))4, for G the path graph with two edges. Highlighted on the right in four
colors is the scattering facet Fg, a tetrahedron partitioned into the face posets of hypergraphic polytopes
A¢ and its edge-deleted subgraph hypergraphic polytopes. The largest of these highlighted face posets is
pictured as the hypergraphic polytope of the path graph in Figure
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Figure 5: Left to right, the bijection described in the proof of Theorem|s} On the right: the hypergraphic
polytope A¢ for the path graph with two edges. On the left: the same face poset seen as acyclic partitions.
Pictured is a quadrilateral that occurs as a cross section of the tetrahedral scattering facet with faces
highlighted in Figure [4] but taking its polar dual (switching vertices and edges) makes a quadrilateral
boundary complex of the tetrahedral order polytope O(P(G)) for G the path graph with two edges.



Theorem 3. Let G = (V, E) be a pseudograph. The cosmological polytope Cg is combinatorially equivalent to the polar
dual order polytope O(P’(G))*.

Proof. The dimension of Cg is [V| + |E| — 1, which is equal to [P’(G)| — 2, the dimension of O(P’(G))“. For
vertex-facet incidence to match between the polytopes we need bijections, between vertices and facets, and
for vertex incidence to be preserved under that correspondence. We define a bijection on vertices between the
two polytopes by taking an edge of the Hasse diagram of P’(G) to a vertex of Cg. Recall that each element in
the second rank of P’(G) corresponds to an edge e € E. An edge of the Hasse diagram between the maximal
element x and e is mapped to p.. An edge of the Hasse diagram betwen ¢ and v for v € V is mapped to pe,o.

For facets, the bijection is to take a facet of the order polytope O(P’(G))*, which is a 2-part partition, to
the connected subgraph H = (Vy, Ex) of G which corresponds via the edge and node elements to the part of
that partition not containing the maximal element *.

Since both our structures are known to be polytopes, now we need only check that our bijection and its
inverse preserve vertex-facet incidence. We claim that if an edge of the Hasse diagram is a subset of a part of
a 2-part partition (labelling a facet of O(P’(G))?), then its image p. or p,» will be a member vertex of the
facet of Cg labeled by the part of that partition not containing the maximal element *. This is clear since if
the edge of the Hasse diagram is from * to the edge-element e then the edge e of the graph is not in the
subgraph H corresponding to the part not containing *. Also, if the edge of the Hasse diagram is from
element e to element v, either the node v is not in the subgraph H (if the element v is in the part containing
%) or the node v is in H but the edge e is also in H. The preservation of vertex facet incidence is also easily

checked in the inverse direction of the bijection. ]
An example of the bijection is seen in Figure

Corollary 1. A face of a cosmological polytope is combinatorially equivalent to a cartesian product of polars of order
polytopes.

Proof. Since the face corresponds to a connected, acyclic partition © = {1, 712, ..., 7} of the augmented

poset P’(G) then the combinatorial structure of that face is O (1) X -+ - X O(1x)4. O

5.1 Generalized definition

Since the cosmological polytopes are seen as special versions of order polytopes, we can immediately
generalize the definition of cosmological polytope of a pseudograph: to hypergraphs and to multi and
pseudo hypergraphs, that is, to multisets of elements from any power set of vertices. Combinatorially,
the cosmological polytope of any pseudo-hypergraph G is the dual of the order polytope of the poset:
Cg := O(P’(G)). Via the realizations of the order polytope there are new geometric realizations available for
the cosmological polytopes, although they may not be directly interesting to physicists.

Given a connected pseudo-hypergraph G, the scattering facet of the cosmological polytope is the facet
labeled by G itself. Seeing the cosmological polytope as the polar dual of the order polytope of the augmented
incidence poset P’(G), the scattering facet is labeled by the partition of P’(G) one part of which is the unique



maximal element and the other part of which is the incidence poset P(G), with hyperedges as maximal

elements covering the nodes they contain. Thus we have:

Corollary 2. The scattering facet of a cosmological polytope for a pseudo-hypergraph G is combinatorially equivalent
to the polar dual of the Galashin order polytope of the (unaugmented) incidence poset of that pseudo-hypergraph:
Fg = O(P(G))~.

Even further, we define the cosmological polytope of any poset P as simply Cp = O(P U %)4, the polar

dual of the order polytope of P augmented with the new unique maximal element.

6 New realizations for cosmological polytopes.

A root polytope is a convex hull of some standard basis vectors, some negatives of standard basis vectors, and
some differences of standard basis vectors. A connected starred quiver Q is a connected directed graph with
sources and sinks (together called the starred set) and no edge from a source to a sink. In [RW25] there is
defined a root polytope called Root(Q) which is the convex hull of points, based on standard basis vectors
indexed by the non-starred elements of Q. Each edge of Q gives rise to a point: edges e from a source to a
node u give rise to the point e,, edges from u to a sink the point —e,,, and other (non-starred) edges directed
from u to v the difference e, — e,,.

Theorem D of [RW25] compares the polar dual of Stanley’s order polytope with the root polytope of a
quiver based on the Hasse diagram of P, where graded P is augmented with both a min and max. We restate

just the part that applies to our posets P(G):

Theorem 4. [RW25] Let P be a finite graded poset and let Q := Qp be the associated starred quiver: an upwards arrow
for each edge of the Hasse diagram of bounded P = P 11 {0, 1}. Then the face fan Fq of the root polytope Root(Q) of the
starred quiver Q coincides with the (inner) normal fan N(Og;(P)).

Since the vertex-and-edge incidence poset P(G) for a hypergraph G is graded, Theorem D implies that
the inner normal fan of the root polytope is equal to the face fan of the root polytope of the starred quiver of

the poset P(G) with both an adjoined max and adjoined min. That is, in the language of this paper:

Corollary 3. For a pseudo-hypergraph G, the root polytope Root(Qp()) has a facet that is combinatorially equivalent
to the cosmological polytope Cg. Therefore, the cosmological polytope is itself a root polytope.

Proof. Corollary 4.19 of [RW25] points out that the root polytope in this case will be combinatorially equivalent
to the polar dual of the order polytope of Stanley. The facet of that polar dual we are interested in is the one
which corresponds to the partition into two parts : P(G) = P'(G) u {0}, our augmentation and the singleton
unique min. It is thus equivalent to the cosmological polytope by Theorem|[s} Of course, any face of a root

polytope is by definition a root polytope itself. O

Furthermore, being a combinatorial copy of Cg, this facet has its vertices corresponding to the edges of

the Hasse diagram of P’(G). A set of vertices of the root polytope that has that same number of vertices, and

10



enough information to determine the Hasse diagram of P’(G), is the set found by excluding from the root

polytope Root(Q 13((;)) the vertices (standard basis vectors) that involve the unique min.

Corollary 4. The vertices of Root(Qp ) which correspond to the edges of the Hasse diagram of P’(G) are the vertices

of a facet combinatorially equivalent to Cg.

Proof. In the proof of Theorem 4.15 in [RW25] the facets of Root(Q P(G)) are shown to correspond to certain
pairs of connected subquivers, one containing the max and the other the min. These match the connected
acyclic partition of two parts labeling the facets of the polar dual of Stanley’s order polytope, and the facet
which is the polar dual of Galashin’s order polytope is the one we desire: the partition into P’(G) L 0.
The facet equality using coordinate variables indexed by the nodes of P(G), according to [RW25], will be
DeXe +22, x, = —1. This will be satisfied (as equality) by the points corresponding to edges in P’(G),

specifically —e, and e, — e,, and strict inequality for e,,. O

Therefore, in order to realize Cg, we list the edges of G and the nodes of G in arbitrary order as indices of
standard basis vectors. Then we assign each covering relation of P’(G) to a combination of those standard
basis vectors. The new vertices of the cosmological polytope we now call g, and 4., since each hyperedge
and each of its member nodes contributes a point.

Je Y, = —€¢,

e = Ve,u = €c — €y,
and the cosmological polytope is found as the convex hull of all these y, and y, ,.

Example 5. See the vertex points on the left of Figure[1} Using the coordinate ordering (i, Ve, Yu, Yo), We get
the points: y, = (-1,0,0,0), y, =(0,-1,0,0), Yeu = (0,1,-1,0), Yeo = (0,1,0,—1),and Yiu = (1,0,-1,0).

6.1 Order polytope realizations

Galashin describes a realization for O(P) for real variables x; indexed by the n elements i € P. This implies a

realization for the cosmological polytope Cg = O(P’(G))4, for G any (pseudo)hypergraph:
1. facet inequalities: x; < x; for each covering relation (edge of the Hasse diagram) i < j in P’(G),

2. equalities: Z x; =0and Z(xj -xi) =1,
ieP’(G) i<j

3. and then find the polar dual.

There is another realization for O(P) in [MPP25} Sec. 8.2] for variables x, indexed by the |E| edges of the
Hasse diagram of P (covering relations of P), as a cross section of a simplex. That allows us to find the
cosmological polytope by a polar dual to that cross section, with coordinates indexed by incidences of vertices

in hyperedges:

1. inequalities: x, > 0 for each edge e of the Hasse diagram of P’(G),

2. equality: Z Xe =1,
e

11



3. equalities for independent cycles ¢ in the underlying graph of the Hasse diagram of P’(G): Choosing
an arbitrary direction to traverse the cycle c, the orientation (covering relation) of the edge e in ¢ will

either agree with or be against the direction of traversal of ¢, and the equality is Z Xe = Z Xe,

e with ¢ e against ¢

4. and then find the polar dual.

Notice that the last two realizations described here end with finding the polar dual, which means the
specific inequalities and vertices of the polytope will be determined by the algorithm used. It would be
interesting to know if one of these actually recovers the root polytope realization of Corollary |4l Any of the
realizations here can be restricted to find a realization of the scattering facet Fg, which is combinatorially
equivalent to O(P(G))* by Corollary

7 Hypergraphic polytopes as cross sections of dual order polytopes.

We demonstrate that given a connected hypergraph G, the hypergraphic polytope Ag is found as a cross
section of the polar dual of the order polytope of the poset P(G).

To begin, we prove a lemma: given a connected hypergraph G, the polar dual of the order polytope of the
poset P(G) contains a model of the hypergraphic polytope Ag. This can be described as a new model for the
faces of the hypergraphic polytope Ag. The faces of the hypergraphic polytope can be labeled by all the
acyclic partitions of the poset P(G) which have no parts that are a single maximal element (no singleton parts
whose element is a hyperedge.) Precisely, we can say the following, where we ignore multiedges and loops

(since they do not contribute to the hypergraphic polytope.)

Lemma 1. For a simple connected hypergraph G, the boundary of the polar dual of the hypergraphic polytope Ag is
found as a facial subcomplex of the order polytope O(P(G)) for the unaugmented incidence poset P(G).

Proof. We describe a bijection from our selected acyclic partitions of the poset of G to the acyclic orientations
of G. Given an acyclic partition of the poset P(G) with no singleton second rank parts, we describe the
source-sets (head sets) of the hyperedges of G as follows: for each hyperedge of G the source-set is the set of
nodes in that hyperedge which is a subset of the part of the partition that contains that hyperedge itself (as a
maximal node of the rank 2 poset).

The restriction to acyclic partitions that have no part which is a singleton consisting of only a maximal
node ensures that the head set of each hyperedge is non-empty. The acyclic requirement for the partition of
the poset translates directly to the acyclic requirement for the orientation of the hypergraph.

Covering refinement of the partition of the poset (avoiding any singletons of second rank) implies covering
refinement of the acyclic orientation and vice versa. Under our bijection the acyclic partitions of P(G) into
two parts will map to facets of A, and so they will label vertices of the polar dual of Ag. Thus our bijection

exhibits the polar dual of A as a facial subcomplex of the boundary of O(P(G)). O

Remark 6. For a pseudo-hypergraph G with at least one unique node for each edge, all the two-part partitions

of the poset will be the kind we want in our complex: no singleton hyperedge (second rank) parts. Notice
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that in this case the two-part partitions label both the all the facets of the scattering facet Fg and the facets of
the hypergraphic polytope Ag. Thus in this case the complex includes all the facets of the polar dual of the

order polytope, i.e. all the vertices of the order polytope, so it constitutes a spanning complex of O(P(G)).

An example is shown in Figureg} Another example is shown in Figures[land[s} Now we can demonstrate

the geometric meaning;:
Theorem 5. For any pseudohypergraph G, the hypergraphic polytope A can be realized as a cross section of O(P(G))”.

Proof. For G = (V,E) we have by Lemma [1|a labeling of the hypergraphic polytope with acyclic partitions of
P(G), with no singleton part of second rank, ordered by refinement. We use the root polytope geometric
realization of the scattering facet Fg = O(P(G))?, using |E| + |V| real variables x1, x, . .., x,. Thus Fg is the
convex hull of the points x. ,, = e, — e,, one for each covering relation in P(G). These points correspond to
the vertices of F¢, which are the partitions with one part one edge of the Hasse diagram and the rest of the
parts singletons.

Now we take our realization of Fg = O(P(G))”* and we intersect it with the subspace formed by the
intersection of hyperplanes x, = Tk one for each e € E. That is, we claim that the hypergraphic polytope is
given by the subset of the scattering facet with coordinates corresponding to edges e € E all set equal to that
reciprocal value:

1
Ac=FsnN&E, where E={xeR"|Ve€eE, x, = E}

To prove the claim, we use the fact that the face poset structure of the hypographic polytope is determined
by refinement of our acyclic partitions of P(G). Then we just need to show that faces of F; labeled by
acyclic partitions with no second rank singletons do indeed intersect &, while any face labeled by an acyclic
partitions with second rank singletons fails to intersect &. Then the intersecting faces will inherit the correct
membership structure from Fg.

In the case that a face of Fg is labeled by an acyclic partition with no second rank singletons, then it will
include at least one vertex y, of F¢ for each second rank element e of the Hasse diagram of P(G). We can
pick that vertex just by keeping an edge of the Hasse diagram incident on e that is in a part of the acyclic
partition and refining the rest of the parts into singletons. Those vertices will each have x, = 1, and thus the
centroid of those points will lie in &, ensuring that our face intersects &.

For the case that a face of Fg is labeled by an acyclic partition with a second rank singleton e, we note that
every vertex of that face will have that coordinate x, = 0. Thus it will fail to intersect &, and we have shown

our claim. m|

Example 6. For the hypergraph G in Figure || consider the full scattering scattering facet F; shown in
Figure [6} The hypergraphic polytope is found as the intersection of the convex hull of the six points:
(1,0,-1,0,0,0),(1,0,0,-1,0,0),(1,0,0,0,-1,0) for the first hyperedge, and

0,1,0,-1,0,0),(0,1,0,0,-1,0),(0,1,0,0,0, 1) for the second, with the space & given by two equations:
x1 =1/2 and x, = 1/2 where x1 and x; are the first and second coordinates, corresponding to the first and

second hyperedges.
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Figure 6: The faces of the scattering facet Fg of Cg for the hypergraph G from Figure2} equivalently, the faces
of the polar dual of the order polytope of the incidence poset P(G) of that hypergraph. (The very uppermost
Hasse diagram shows the augmented P’(G) but the rest show only the poset P(G) itself.) Highlighted
subposets of faces show the face posets of hypergraphic polytopes for edge-deleted sub-hypergraphs, with
Ag at the top, as pictured in Figure

7.1 Partition of scattering facet face poset into hypergraphic polytopes
An edge-deleted sub-hypergraph H C G is formed by keeping all the vertices of G but deleting some hyperedges.

Corollary 5. Given a multi-hypergraph G, the polar dual of the order polytope of the poset of G admits a partition
of its faces into subposets which are themselves the face posets of the hypergraphic polytopes An of the edge-deleted
sub-hypergraphs H C G.

Proof. To a sub-hypergraph formed by deleting some hyperedges from G we associate the partitions of the
poset of G with those hyperedges as singleton parts. Then the bijection in the proof of Lemmali]is extended,
taking such a partition to an acyclic orientation of the sub-hypergraph. Figures[gland ]show the face posets

of the hypergraphic polytopes of edge-deleted sub-hypergraphs as highlighted portions ]

Therefore we can describe the f-vector of the the scattering facet for G as a sum of f-vectors for the
hypergraphic polytopes of the edge-deleted (keeping all nodes) sub-hypergraphs F of G. We do so by means
of the f-polynomial of a polytope #, which is defined:

dim(®)
fp(t) = Z tfi, where f; is the number of faces of dimension i
i=0

We can also define f(t) = t~' + f(t), in order to accommodate the empty face.

Corollary 6. The f-polynomial of the scattering facet F¢ for G = (V, E) is just the shifted sum of the f-polynomials
of the hypergraphic polytopes Ay of the edge-deleted sub-hypergraphs H = (V, ER), including the whole hypergraph G.

pr(t) = Z tlEHl_lfAH(t), summed over H = (V, Eg).
HCG
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