
Note that the
boundary of a
boundary  is
 empty.  Also, 
the boundary
of a line 
segment
is two points.

c

π  ( P  ) = < c |  c = c    >−1

A is the interior 2-cell. 

(Instead, the operation is purely formal---we just add two cells of the same dimension without any geometric meaning. See page 3)

So, for a 2-cell, the boundary is the same thing as the relation in the fundamental group, in the format where
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Choose your own
adventure! Read these
 notes starting on this
page for the idea of
boundary, or start with 
page 3 (then come
back to this point)
if you want to see

Here we start by 
motivating boundary
maps via the fundamental
group

 it is solved for e. It’s just written in additive notation. Again, we pick a starting point, which is arbitrary.
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We need to de�ne boundary for more than just 2-cells...

Note: the arrows
here don’t mean 
gluing, they are
 just arbitrary 
orientations.  For
 the 2-cell we chose
 counterclockwise
 again, but it 
works either way. 



(                                                                                    )

Now go 
back to 
page 1 
if you 
skipped it.

Page 3: Alternate 
starting point.

That means that
 elements of C_n
 are �nite linear
 combinations of 
the n-cells, with 
integer 
coe�cients, and
 the operation
 is addition. -js



boundary gives 0. 

Note:  n is the dimension,
 so now there are “cycles”  
of any dimension, not just
 loops.  Also, its the 
group-theory boundary, 
and 0+0 = 0. So although 
things that look like a loop, 
or a sphere, or a point  are
 cycles, so are things like a 
pair of loops or a bunch of 
 disconnected points or
 several spheres sharing 
sides like a bubble cluster.  

That is, we 
found them 
by taking a 
boundary.

A

So is 7a-7b

.       3x + 2y is a 0-cycle but not a boundary.

.       A is not a cycle, and not a boundary.     

So is 5y-5x
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