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Abstract

Two families of polytopes underlie the combinatorics of associative operations. Associahedra and
multiplihedra respectively capture the information in the operation itself and in the morphisms that respect
that operation. The first applications of these polytopes, from Stasheff, were for modeling homotopy
associative spaces and their homotopy homomorphisms. Later, lax and weak higher categories used both
as the shapes of commuting diagrams. More recently, the associahedra have been generalized to versions
based on graphs, and then to posets: the acyclonestohedra. Here we use the graph multiplihedra to define
and realize new multiplihedra for the acyclonestohedra. Quotients of these are also studied, concluding
with the interval polytopes of the order polytopes of posets.

Figure 1: Cast of characters: the acyclic multiplihedron and its quotients for the bowtie poset.
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1 Introduction and Summary

Tubings, nestings, and pipings are special subsets of a power set 𝒫(𝑆) of a given ground set 𝑆. The definitions of
each begin with the elements of the power set they may contain: the tubes, nests, or pipes. Often that initial
collection of subsets ℬ ⊆ 𝒫(𝑆) is called a building set. The axioms for a building set ℬ are: 1) the empty set is
not a member of ℬ; 2) the building set ℬ must include all the singletons of 𝑆; and 3) for any two elements of
ℬ, if they have nonempty intersection, then their union is also in ℬ . In this paper we will deal with tubes of
a graph as defined in [10], which comprise a building set on the nodes of that graph. Pipes as defined in
[17] are special subposets of elements of a poset. Pipes do not make up a building set of the poset elements;
but instead they are a special class of tubes of the line graph of the Hasse diagram of the poset. The term
nest is used in [19] for what turn out to be pipes, but for a poset that has a Hasse diagram that is a tree, or
forest. Historically then tubes of a graph were defined first, then nests and pipes of a poset were described
independently, then nests were realized to be a specialization of pipes, specifically in [12], and finally, it was
pointed out in [20] and [21] that pipes are secretly special versions of graph tubes.

We will go over the definitions in the next section. But since all three sorts of subset are in the class of
tubes of a graph, we will often call them tubes for ease of the discussion, leaving to the context what special
sort of tube they are. Thus a tubing, nesting, or piping is a collection of tubes obeying the relevant rules.
The first rule, obeyed by all three varieties, is that pairs of tubes in that collection must either be nested or
disjoint: if they intersect then one must be a subset of the other. Thus the tubes in a tubing (or piping or
nesting) are partially ordered by inclusion, and indeed the resulting poset formed by any tubing, nesting, or
piping possesses a tree (or forest) as its Hasse diagram. If the elements of a tubing could overlap, that would
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allow a cycle in the underlying graph of the Hasse diagram.1

The fact that the Hasse diagram of a tubing is always treelike allows superstructure to be added: the
Hasse tree can be painted with colors (usually two main colors). The earliest examples of these superstructures
are on the nestings of the linear poset (tubings of the path graph) which naturally label the faces of Stasheff’s
associahedra [26]. The 2-colored superstructure on these tubings make up the polytopes called multiplihedra
[15]. 2-colored structure is generalized to graph tubings in [13], and further to several additional classes of
generalized permutohedra in [1], where the results are called lifted generalized permutohedra. Multiplihedra
are also seen as shuffles of the generalized permutohedra and generalized to 𝑛 colors in [11].

The second type of superstructure, which we only briefly mention here, is that the graph of the Hasse
diagram of each tubing can be used to define a new building set for an iterated construction of nesting: using
pipes (also known as nests), since it is a tree. These 2-fold iterations of the nestings of the path graph make up
the cosmohedra, polytopes described in [3] and [2], and generalized to all graphs and posets in [18] and [16].

In this paper we focus on the first type, the colored superstructure, describing a 2-colored version
of the poset associahedra of Galashin. The latter were originally defined in [17]. That paper refers to
them as 𝑃-associahedra, to differentiate them from the poset associahedra defined in [14]. Realizations for
Galashin’s poset associahedra were found in [25], [20], and [21]. In those sources they are referred to as
poset associahedra, but the distinction between the two types of poset associahedra is that the pipes (and
pipings) of Galashin’s poset associahedra are convex (and acyclic), while the original poset associahedra have
tubes that are certain lower sets, or order ideals, which directly generalize the graph tubings. We’ll refer to
Galashin’s version as acyclic poset associahedra, which is also appropriate considering that they are special
acyclonestohedra. 2 The polytopes we consider in this paper are mapped out in a much broader context in
Figure 2.

1.0.1 New polytopes

A colored acyclic tubing has blue, purple and red tubes, and obeys the rule that only blue tubes can be nested
inside of blue or purple tubes. These colored tubings form a poset structure. Our main theorem is that for
any poset 𝑃 the colored tubings constitute a polytope: that is, the poset of colored nestings of 𝑃 is equivalent
to a face poset of a polytope, the acyclic multiplihedron. The proof of this theorem will be simplified by the
fact that we can rely on earlier results about the graph multiplihedron. Our new acyclic multiplihedra will be
cross sections of the graph multiplihedra, and inherit all the nested structure from the tubing structure of the
latter.

1Allowing overlap of tubes, up to further limitations, moves us into the realm of multitubings and multiassociahedra.
2Neither sort of pipes or tubes on posets make a building set on the elements of the poset. In fact they both generalize the building

set property in the same way: rather than satisfying the condition that for intersecting tubes their union is found in ℬ, they satisfy the
condition that there exists a tube in ℬ containing that union.
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Figure 2: Relationships of families of polytopes: dashed green arrows slope down to indicate subset
containment: lower contained in upper. Solid violet arrows point up to indicate lifting: refining the fan,
truncation, taking intervals, or extending combinatorial structure. Dashed horizontal arrows show taking a
cross section, left to right. Dashed boxes are conjectural polytopes. Many families and relationships were too
hard to show here, such as the facts that interval hypergraphic polytopes include the associahedra, and that
multiassociahedra include the associahedra, simplices, and certain kinds of amplituhedra.

For details on the relationships shown (and not shown) sources include: for hypergraphic polytopes
[6, 7, 5], for poset associahedra [14], for generalized permutohedra and nestohedra [24], for quotientopes
[23], for graph multiplihedra and their quotients [13], for generalized multiplihedra, matroid polytopes
and independent set polytopes [1], for acyclonestohedra [21], for operahedra [19, 12], for acyclic poset
associahedra and order polytopes [17], for 2-associahedra and 𝑛-associahedra [8, 4], for shuffle polytopes
and constrainahedra [11, 9], for cosmohedra and graph cosmohedra [3, 18, 2], for acyclic cosmohedra [16],
and for multiassociahedra [22].
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2 Multiplihedra for acyclic poset associahedra.

2.1 Review of graph associahedra and multiplihedra

For a connected graph 𝐺 a tube 𝑡 is a connected induced subgraph, often given by its set of nodes. Tubes are
drawn using closed curves around their nodes when the graph is small enough that the subgraph is easily
seen to be thus enclosed. These tubes are uncolored for the graph associahedra, or colored (thick red, thin
blue, or dashed purple) for the multiplihedra.

A tubing 𝑇 is a set of tubes of 𝐺, each pair nested or disjoint, for which all unions of the tubes in 𝑇 are
induced subgraphs. A colored tubing is a tubing of colored tubes, obeying the rule that only blue tubes can be
nested inside of blue or purple tubes.

The original motivation for two colors in the combinatorial structures of multiplihedra was to denote
domain and range for a function or functor; blue for domain and red for range. We have used actual colors:
red, blue, and purple lines—but the red is thick, blue thin, and purple dashed for printing in black and white.
The definitions from [13] use the terms thick and thin.

The definitions are subtle, and it can be helpful to note some consequences. For instance the rule that
unions must be induced subgraphs means that two tubes in a tubing cannot have tube 𝑠 contain one node of
a graph edge while a disjoint tube 𝑡 contains the other. The rule that only blue tubes can be nested inside of
non-red tubes means that purple tubes never have purple tubes nested inside them.

For a graph 𝐺 with multiple connected components, we sometimes add that the entire graph 𝐺 is still
considered a tube (despite being disconnected) and thus that the connected components of 𝐺 cannot all
be members of a tubing at once. Alternatively for disconnected graphs we could define the tubings to be
any collection of tubings on the connected components; this gives a Cartesian product of tubings on the
components. For the rest of this paper we will restrict our attention to the connected graphs, leaving the
choice of how to describe disconnected graphs up to practitioner.

The graph associahedron 𝒦(𝐺) is defined in [10] as the polytope whose face poset corresponds precisely to
the uncolored graph tubings, ordered by reverse inclusion.

The graph multiplihedron 𝒥 (𝐺) is combinatorially described as the poset of all the colored tubings of a
graph. The ordering is given by the following four (covering) relations 𝑈 ≺· 𝑉 : tubing 𝑈 is less than tubing
𝑉 if:

1. 𝑈 is achieved by adding a single blue tube to 𝑉 , which must be added inside another blue or purple
tube.

2. 𝑈 is achieved by adding a single red tube to 𝑉 , which must be added inside another red tube.

3. 𝑈 is achieved from 𝑉 by resolving a purple tube of 𝑉 , by making it blue or red.

4. 𝑈 is achieved from 𝑉 by resolving a purple tube of 𝑉 to red, and simultaneously adding one or more
purple tubes just inside of that new red tube (and not inside any other tube).

Relations in the poset of colored tubings thus generated can be difficult to determine. Simply being
subsets of the tubes (of each color) does not make one colored tubing comparable to another. For instance,
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Figure 3: A colored tubing and some of the facets that contain it. All four of these facet tubings are induced
by acyclic pipings of the double-claw poset in Figure 6.

starting with a single universal red tube, the only tubings less than that one must have all red tubes, since
there is no way to legally add blue or purple tubes. The same is true for the single universal blue tube: and
these two examples are facets of the resulting polytope that are in fact equivalent to the graph associahedron
for the same graph.

The minimal elements are those tubings with a maximal number of tubes, some red and some blue tubes,
no purple. The maximal number of tubes is always 𝑛, the number of nodes. Thus we can associate an
element of the poset with the maximal nestings that it can be extended to become, so that we have 𝑈 ≺ 𝑉

when the 𝑛-tube tubings that 𝑈 can become is a subset of those that 𝑉 can become. The maximal element of
the entire poset is the tubing with one universal purple nest. Then by adding a single blue tube inside it, or
resolving it to blue, or by resolving it to red, and perhaps adding any allowable purple tubes inside it, we see
the penultimate elements of the poset which correspond to facets of our face poset.

A unifying principle behind the relations we have listed is that they describe the resolution of a colored
tree into a binary tree, with simplest coloring. Ardila and Doker point out in [1] that the Hasse diagram of a
tubing, a tree, can have its edges painted with two colors. Red at the root, and blue at the leaves, the rule for
painting is that blue must be above red: purple tubes correspond to nodes where red and blue meet at a
branch point of the tree. Then the covering relations can be expressed as resolving the tree until it is binary
with no bi-colored branch points.

2.1.1 Multiplihedron facet realization

Let 𝐺 be a connected graph with vertices 𝑣1 , . . . , 𝑣𝑛 . It is shown in [13] that 𝒥 (𝐺) is the poset of faces of an
𝑛-dimensional convex polytope with vertices corresponding to the colored tubings of 𝑛 tubes, where 𝑛 is the
number of nodes of 𝐺. In [13] is given a geometric realization of the graph multiplihedron for any graph 𝐺

with 𝑛 nodes. The polytope is full dimensional, in ℝ𝑛 where coordinate 𝑥𝑖 corresponds to node 𝑣𝑖 of 𝐺. The
facet inequalities for the polytope come in two flavors:
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1. For each colored tubing of 𝐺 with only one blue tube 𝑡, a lower facet given by∑
𝑣𝑖∈𝑡

𝑥𝑖 ≥ 3|𝑡|−1.

2. For each colored tubing of 𝐺 with only one red tube 𝐺 itself, and (possibly) 𝑘 purple tubes 𝑡1 . . . 𝑡𝑘 , an
upper facet given by: ∑

𝑣𝑖∉𝑡

𝑥𝑖 ≤ 3𝑛 −
𝑘∑
𝑗=1

3|𝑡 𝑗 |.

2.1.2 Multiplihedron vertices

In [13] it is shown that the vertices of this polytope are given by the following assignment of values to the
coordinates 𝑥𝑖 for an 𝑛-tube tubing 𝑇 with all red and blue tubes (thus maximal as a tubing, so minimal
in the poset of tubings). For a node 𝑣𝑖 of 𝐺 there will be a tube 𝜖(𝑣𝑖) that is the smallest containing 𝑣𝑖 . For
any tube 𝑡 there may be some tubes 𝑠 that are nested inside 𝑡 and inside no other tube: we say 𝑠 ≺· 𝑡 in the
containment order.

1. For 𝜖(𝑣𝑖) a blue tube we have:
𝑥𝑖 = 3|𝜖(𝑣𝑖 )−1| −

∑
𝑠≺·𝜖(𝑣𝑖 )

3|𝑠|−1.

2. For 𝜖(𝑣𝑖) a red tube we have an extra factor of 3:

𝑥𝑖 = 3|𝜖(𝑣𝑖 )| −
∑

𝑠≺·𝜖(𝑣𝑖 )
3|𝑠|.

Example calculations of some coordinates associated to nodes of a graph with a maximal colored tubing
are shown in Figure 13.

2.2 Review of acyclic poset associahedra

We will work with connected posets 𝑃, which means that the Hasse diagram of 𝑃 is a connected graph. A
convex subposet is a subposet 𝐶 such that if 𝑎 ∈ 𝐶 and 𝑏 ∈ 𝐶, with 𝑎 ≤ 𝑥 ≤ 𝑏, then 𝑥 ∈ 𝐶. We often call a
convex subposet acyclic, since a non-convex subposet has the property that collapsing it to a single element in
the Hasse diagram results in the remaining directed edges of the Hasse diagram forming a directed cycle,
after the collapse. Similarly, we say a collection of subposets is acyclic if collapsing all subposets in the
collection simultaneously results in no directed cycles.

Partitions of the elements of the poset into connected parts, which are acyclic (and thus must have acyclic
parts) label the faces of a polytope called the order polytope 𝒪(𝑃). This polytope first defined by Stanley for
posets with unique maximum and minimum elements, and more generally for all posets by Galashin in [17].
Galashin’s order polytopes are found combinatorially as faces of Stanley’s, via adjoining a max and min if
needed. The acyclic partitions are ordered by reverse refinement, with the partition into all singletons as the
interior of the polytope and the trivial partition not included as a face: it can be considered the minimal
element in the face lattice.
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Figure 4: On the left is the order polytope 𝒪(𝑃) for the diamond poset. On the right is the same order
polytope, showing only subposets of size greater than one. Two of the vertices are truncated, thus promoted
to new facets of the acyclic poset associahedron in the center.
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For a connected poset 𝑃 we consider pipings as described in [17]. A pipe 𝑁 of 𝑃 is a connected convex
subposet of 𝑃 with at least two nodes. That is the same as a connected induced acyclic subgraph of the Hasse
diagram of 𝑃 with at least one edge. A piping 𝒩 is a set of pipes such that each pair is nested or disjoint, and
such that the collection of those pipes is also acyclic.

The acyclonestohedron of the poset 𝒜(𝑃) is a polytope whose face poset is the same as the collection of
pipings, ordered by reverse inclusion. See Figure 4 for the full poset of pipings on a diamond poset, and
Figure 5 for the facet pipes on a post with five elements. The lower dimensional faces are then labeled by the
piping that is found by collecting the pipes for the facets containing that lower dimensional face.

The acyclonestohedron for a poset is the (acyclic) poset associahedron. It is shown in [17] that this
polytope exists as a truncation of the order polytope 𝒪(𝑃). Truncating a face promotes it to a new facet. The
full iterative procedure is described in [17]in terms of stellations of the polar dual polytope. The stellations,
or dually the truncations, must proceed in order of dimension of the face to be steallated or truncated. The
promoted faces are those for which the adjacent facets of 𝒪(𝑃) are labeled by edges of the Hasse diagram
which can together constitute a single pipe. See Figure 4 for the process on a polygon, and Figure 15 for the
order polytope and the realization (via facet inequalities given in the next section) that exhibit the truncations
on the order polytope which result in the example shown in Figure 5.

Notice that a piping does not have to obey the requirement that the union of its pipes is an induced graph,
in fact the edges of the derived graph achieved by collapsing the piping are often formed when there is an
edge (a covering relation of 𝑃) between two nests of the nesting. However, when we take the line graph 𝐿 of
the Hasse diagram, each pipe of 𝑃 corresponds to an induced tube of 𝐿: the edges of the pipe are the nodes in
that tube. Moreover, a piping of the poset becomes a tubing of the line graph, via the direct translation: if an
edge of the Hasse diagram is in a pipe of the piping, then the corresponding node of the line graph is in the
corresponding tube of the induced tubing. The tubes will be compatible, either nested or non-adjacent due
to the line graph construction. Of course since only acyclic collections of pipes are allowed, not all tubings
of the line graph are recovered in this way from pipings of the Hasse diagram. In fact, in [20] the authors
discovered that the acyclonestohedron for 𝑃 is realized as a cross section of the graph associahedron for the
line graph of the Hasse diagram.

2.3 Acyclic Multiplihedra

Using the correspondence between pipings and induced acyclic tubings, it is straightforward to define the
2-colored version of the acyclonestohedra: the acyclic multiplihedra.

Definition 1. For a poset 𝑃 we define the colored pipings on 𝑃 as pipings with blue, red, and purple pipes,
such that the induced colored tubing on the line graph of the Hasse diagram is a colored tubing of that line
graph. Thus all the same requirements hold: a colored piping is just a special colored tubing, and the colored
pipings are ordered via the same relations of adding or resolving colored tubes.

For example, we show a colored piping and its induced colored tubing on the line graph, in Figure 6. The
poset of colored pipings for a poset 𝑃 is called the acyclic multiplihedron 𝒥 (𝑃).
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a      b       
               c
e      d

Figure 5: Acyclonestohedron. Specifically, the acyclic poset associahedron for the poset with Hasse diagram
shown. Facets are labeled by pipes: tubes that are connected convex subposets. Figure 15 shows the order
polytope for this poset, and the geometric realization of this acyclic poset associahedron.
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Figure 6: A colored piping on the poset with Hasse diagram at left, and its induced colored tubing on the line
graph of that Hasse diagram, on the right. Some facet tubings induced by pipings that contain this piping
are shown in Figure 3, and several maximal tubings with coordinates calculated are shown in Figure 13.

Theorem 1. The colored pipings of a poset 𝑃 with 𝑛 nodes correspond to the face poset of a convex polytope 𝒥 (𝑃) of
dimension 𝑛 − 1.

Proof. The proof is via an explicit geometric realization, which we will describe and prove in the next section.
The summary is that the acyclic poset multiplihedron is a geometric cross section of the graph multiplihedron
of the line graph of the Hasse diagram. □

For examples: the vertices and some faces of the acyclic multiplihedron polytope for the bowtie poset are
shown in Figure 7, also pictured in Figure 1. The acyclic multiplihedron for the diamond poset with labels is
shown in Figure 8.

Recall that for a Hasse diagram that is a tree, with no cycles, the acyclic poset associahedron is called the
operahedron [19]. It is the graph associahedron of the line graph of the Hasse diagram. Similarly we have
the following:

Corollary 1. A poset 𝑃 whose Hasse diagram has no cycle (every edge is a bridge) has acyclic multiplihedron which is
the graph multiplihedron of the line graph of the Hasse diagram of 𝑃.

The acyclic multiplihedron for the three-edge claw poset with labels is shown in Figure 10. It is an
operahedron, specifically the permutohedron.

2.4 Realization

To realize the acyclic multiplihedron as a convex hull we will start with the same set of facet inequalities as
for the graph multiplihedron of the line graph of the Hasse diagram. To those we add an equality for each
cycle in the Hasse diagram: choosing a direction to follow that cycle we add the coordinates whose covering
relation agrees with that direction and subtract the ones which do not, setting the total equal to zero.

Looking ahead, the proof that these inequalities and equalities together give a realization of the acyclic
multiplihedron will rely on the fact that only acyclic facet tubings will intersect with the hyperplane defined
by the cycle equalities. Therefore we note that there is a practical choice between efficiency in constructing
the realizations for posets. One can either include an inequality for every upper and lower tubing of the line
graph, or just for those tubings which use only tubes that are convex in terms of the poset. The latter is faster
for constructing a single example, but if you have several posets with the same underlying line graph of all
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a              d
b   
   
c

Figure 7: Multiplihedron for bowtie poset, showing all the vertices and some additional face labels. The
𝑓 -vector is (32, 48, 18).
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their Hasse diagrams, you can keep all the same inequalities and change only the cycle equalities to quickly
realize them all.

1. For each colored piping of 𝑃 with only one blue nest 𝑡, a lower facet given by∑
𝑣𝑖∈𝑡

𝑥𝑖 ≥ 3|𝑡|−1.

2. For each colored piping of 𝑃 with only one red nest 𝑃 itself, and (possibly) 𝑘 purple nests 𝑡1 . . . 𝑡𝑘 , an
upper facet given by: ∑

𝑣𝑖∉𝑡

𝑥𝑖 ≤ 3𝑛 −
𝑘∑
𝑗=1

3|𝑡 𝑗 |.

3. For each cycle 𝑐 in the Hasse diagram, an equality. Choosing an arbitrary direction to traverse the cycle,
the orientation (covering relation) of the edge 𝑣𝑖 in 𝑐 will either agree with or be against the direction
of traversal of 𝑐. ∑

𝑣𝑖 with 𝑐

𝑥𝑖 −
∑

𝑣𝑖 against 𝑐
𝑥𝑖 = 0

Following [20] we will refer to the intersection of all the cycle equalities as the evaluation space for the
poset.

Examples: Table 1 shows the realization for the diamond poset, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with
subscripts from the edges of the diagram in Figures 8 and 9. The upper facets are in the foreground of
those figures, and the lower facets in the background. We list the unused facets of the full 4D cycle-graph
multiplihedron for comparison. The choice of positive and negative for the coefficients is 𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 = 0
so of course the single cycle equality can be multiplied by -1.

lower facets upper facets unused facets
𝑥𝑎 ≥ 1 𝑥𝑎 + 𝑥𝑏 ≤ 72 𝑥𝑎 ≤ 54
𝑥𝑏 ≥ 1 𝑥𝑐 + 𝑥𝑑 ≤ 72 𝑥𝑏 ≤ 54
𝑥𝑐 ≥ 1 𝑥𝑎 + 𝑥𝑑 ≤ 75 𝑥𝑐 ≤ 54
𝑥𝑑 ≥ 1 𝑥𝑏 + 𝑥𝑐 ≤ 75 𝑥𝑑 ≤ 54

𝑥𝑎 + 𝑥𝑏 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≤ 78 𝑥𝑎 + 𝑥𝑐 ≤ 72
𝑥𝑐 + 𝑥𝑑 ≥ 3 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑏 + 𝑥𝑑 ≤ 72

𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≥ 27 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑑 ≤ 78 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≥ 9
𝑥𝑎 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑑 ≥ 9

𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 81 𝑥𝑎 + 𝑥𝑐 + 𝑥𝑑 ≥ 9
cycle equality 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≥ 9

𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 = 0 𝑥𝑎 + 𝑥𝑐 ≥ 3
𝑥𝑏 + 𝑥𝑑 ≥ 3

Table 1: The realization for the diamond poset acyclic multiplihedron, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with
subscripts from the edges of the diagram in Figure 8. Facet labels are shown in Figure 9. An image of the
realization is in Figure 11.
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a        b

c         d

Figure 8: Multiplihedron for diamond poset. The 𝑓 -vector is (26, 40, 16).
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a        b

c         d

Figure 9: Multiplihedron for diamond poset, showing facet labels for the calculations in Table 1.
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Figure 10: Multiplihedron for claw poset. The 𝑓 -vector is (24, 36, 14). Since the Hasse diagram is a tree,
this is precisely the multiplihedron for its line graph, the complete graph on three vertices. Thus it is a 3D
permutohedron, as shown in [13].
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Figure 11: On the left: acyclic multiplihedron realization for the diamond poset, as seen in Figure 8. On the
right: acyclic multiplihedron realization for the bowtie poset, as seen in Figure 7.

Table 2 shows the realization for the bowtie poset, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with subscripts from
the edges of the diagram in Figure 7. The upper facets are in the foreground, and the lower facets in the
background. We list the unused facets of the full 4D cycle-graph multiplihedron for comparison.

lower facets upper facets unused facets
𝑥𝑎 ≥ 1 𝑥𝑎 + 𝑥𝑏 ≤ 72 𝑥𝑎 ≤ 54
𝑥𝑏 ≥ 1 𝑥𝑐 + 𝑥𝑑 ≤ 72 𝑥𝑏 ≤ 54
𝑥𝑐 ≥ 1 𝑥𝑎 + 𝑥𝑐 ≤ 72 𝑥𝑐 ≤ 54
𝑥𝑑 ≥ 1 𝑥𝑏 + 𝑥𝑑 ≤ 72 𝑥𝑑 ≤ 54

𝑥𝑎 + 𝑥𝑏 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≤ 78 𝑥𝑎 + 𝑥𝑑 ≤ 75
𝑥𝑐 + 𝑥𝑑 ≥ 3 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑏 + 𝑥𝑐 ≤ 75
𝑥𝑎 + 𝑥𝑐 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑑 ≤ 78 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≥ 9
𝑥𝑏 + 𝑥𝑑 ≥ 3 𝑥𝑎 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑑 ≥ 9

𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≥ 27 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 81 𝑥𝑎 + 𝑥𝑐 + 𝑥𝑑 ≥ 9
𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≥ 9

cycle equality
𝑥𝑎 − 𝑥𝑏 − 𝑥𝑐 + 𝑥𝑑 = 0

Table 2: The realization for the bowtie poset acyclic multiplihedron, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with
subscripts from the edges of the diagram in Figure 7. An image of the realization is in Figure 11.

2.5 Proof of the realization

We will show that the combinatorial description of the acyclic poset multiplihedra is realized by the geometric
realization we give above.

The proof follows the same logic as in [20], in which the authors show that the acyclonestohedra themselves
are found as cross sections of a geometric realization of certain graph associahedra. Given a poset with its
Hasse diagram, they take the line graph of that Hasse diagram and a realization of the associahedron of that
line graph. Then they add equalities for each cycle in the original Hasse diagram; together the intersection
of these equalities defines what they call the evaluation (sub)space. The intersection of this evaluation
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space with the graph associahedron is shown to be the acyclonestohedron. The proof proceeds by showing
that a face of the graph associahedron intersects all the hyperplanes in the evaluation space if and only if
that face corresponds to a tubing which arises from an acyclic tubing (piping) of the Hasse diagram. This
demonstrates the desired geometric realization simply because the structure of the acyclonestohedron is
precisely the structure of the graph associahedron (of the line graph of the Hasse diagram), restricted entirely
to the acyclic faces.

Our proof will follow that logic exactly: starting with a realization of the graph multiplihedra. Thus the
proof requires two lemmas: first that any face which corresponds to a not-acyclic tubing (so cyclic!) has its
vertices all on one side of the evaluation space, so that the face itself does not intersect the evaluation space at
all. The proof of this lemma will be checking that our vertex coordinates obey the correct inequalities: if not
acyclic then all associated vertex evaluations will be all greater than (or all less than) at least one of the cycle
equalities.

The second lemma is that any face which corresponds to an acyclic tubing does in fact intersect the
evaluation subspace. For that to be true, we need such a face to have its set of vertices distributed around the
evaluation space, to ensure that the face is cut by that space. Specifically, the set of vertices must include
points that reside in each chamber of the central hyperplane arrangement whose common intersection is the
evaluation space. In terms of the oriented matroid, the chambers are represented by sign vectors using the
symbols {+,−} to refer to the position relative to each of 𝑟 oriented hyperplanes.

This we will demonstrate just by considering an acyclic face, and showing how to construct its vertices
that lie in each chamber. The same basic fact supports both our lemmas: if a tubing of the line graph is
acyclic, it must be relatively small, with several different (usually cyclic) ways to extend it to a maximal
(vertex) tubing of the multiplihedron. Conversely, if the tubing is already cyclic, it is large enough that the
extensions are all similar, in fact all on one side of a hyperplane.

Lemma 1. Let 𝐹𝑇 be a face of the graph multiplihedron associated to a non-acyclic tubing 𝑇 of the line graph of the
Hasse diagram of a poset 𝑃. Then for some cycle 𝑐 of the Hasse diagram of 𝑃 all the vertices in 𝐹𝑇 lie on one side, in the
same halfspace, of the hyperplane associated to that cycle.

Proof. All the vertices of 𝐹𝑇 will be extensions of 𝑇 via adding red or blue tubes and resolving any purple
tubes. Let 𝑐 be a cycle of the Hasse diagram on which𝑇 exhibits its non-acyclic character. Then the non-acyclic
tubing 𝑇 must have either a tube 𝑡 which is not convex (involving 𝑐, so containing part of 𝑐 but failing
convexity via 𝑐):, or a set of non-nested tubes which is not acyclic, again involving 𝑐. In the first case, 𝑡 is a
single pipe which contains all the edges of one orientation of 𝑐 (up or down in the Hasse diagram) but not all
the edges of 𝑐 of the other orientation. Recalling that edges are nodes of the line graph, that means there are
some nodes outside of 𝑡 but part of 𝑐.

The cycle equality for 𝑐 can be rearranged:
∑

𝑣𝑖 with 𝑐 𝑥𝑖 =
∑

𝑣𝑖 against 𝑐 𝑥𝑖 Now we consider evaluating the
left hand side of that cycle equality for 𝑐. Choosing the traversal of 𝑐 to be in the direction of the edges
contained in 𝑡 we see the inequalities:
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∑
𝑣𝑖 with 𝑐

𝑥𝑖 ≤
∑
𝑣𝑖∈𝑡

𝑥𝑖 <
∑

𝑣𝑖∈(𝑐−𝑡)
𝑥𝑖 ≤

∑
𝑣𝑖 against 𝑐

𝑥𝑖 .

The second inequality above is due to the formulas, from Section 2.1.2, for 𝑥𝑖 in a vertex (maximal) tubing.
Since the values assigned to the nodes (edges of the Hasse diagram) grow as powers of base 3 with their
proximity to the exterior universal tube, then the value of any 𝑥𝑖 outside a tube is larger than the sum of the
values inside it. That follows from the basic inequality: 3𝑘 + 3𝑚 < 3𝑘+𝑚+1 , for 𝑘, 𝑚 ≥ 0. (Note, that doesn’t
work for base 2, since 20 + 20 = 21.)

For a node 𝑣𝑖 of 𝐺 there will be a tube 𝜖(𝑣𝑖) that is the smallest containing 𝑣, and just as for any tube there
may be some tubes that are nested inside it and inside no other tube: 𝑡 ≺· 𝜖(𝑣𝑖) in the containment order.
Thus the cycle equality fails, strictly, so that any vertex of the face of the tubing 𝑇 must lie on the same side of
the cycle hyperplane, so that 𝐹𝑇 does not intersect the evaluation space.

The inequalities are similar for the case in which 𝑇 has a set of non-nested tubes 𝑡1 , . . . , 𝑡𝑘 whose union
is non-acylic with respect to 𝑐. Here the set of non-nested tubes contains all the edges of one sign given
an orientation of 𝑐 but not all the edges of the other sign. Recalling that edges are nodes of the line graph,
that means there are some nodes outside of the union but part of 𝑐. Choosing the traversal of 𝑐 to be in the
direction of the edges contained in the union we see the inequalities:

∑
𝑣𝑖 with 𝑐

𝑥𝑖 ≤
𝑘∑
𝑗=1

∑
𝑣𝑖∈𝑡 𝑗

𝑥𝑖 <
∑

𝑣𝑖∈(𝑐−
⋃

𝑡 𝑗 )
𝑥𝑖 ≤

∑
𝑣𝑖 against 𝑐

𝑥𝑖 .

Notice that the colors of the tubes involved do not change either inequality, since red tubes (which
contribute an extra factor of 3) can only be inside red tubes.

Example: Figure 12 shows a pair of pipings that demonstrates the inequalities for Lemma 1. Next to each
non-acyclic piping 𝑇 is a maximal tubing that corresponds to a graph multiplihedron vertex in the facet 𝐹𝑇 .
On the top row the inequality is

𝑥1 + 𝑥3 + 𝑥7 + 𝑥8 ≤ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥7 + 𝑥8 < 𝑥4 + 𝑥5 + 𝑥6 ≤ 𝑥2 + 𝑥4 + 𝑥5 + 𝑥6.

On the bottom row the inequality is

𝑥1 + 𝑥3 + 𝑥7 + 𝑥8 ≤ 𝑥1 + 𝑥3 + 𝑥7 + 𝑥8 < 𝑥2 + 𝑥4 + 𝑥5 + 𝑥6 ≤ 𝑥2 + 𝑥4 + 𝑥5 + 𝑥6.

□

Lemma 2. Let 𝐹𝑇 be a face of the multiplihedron associated to an acyclic tubing 𝑇 of the line graph of the Hasse diagram
of 𝑃. Then 𝐹𝑇 intersects the evaluation space, which is the intersection of all the cycle hyperplanes.

Proof. Let 𝐹𝑇 be a face of the multiplihedron associated to an acyclic tubing 𝑇 of the line graph of 𝐻(𝑃). The
face 𝐹𝑇 is given by the intersection of the facet hyperplanes of the multiplihedron which contain that face,
one for each tube of 𝑇.

19



1 2  3 4

5

6
7

8 t

t

t

1

2

1
2  

4

5
67

8

3  

1
2  

4

5
67

8

3  

Figure 12: Pipings to demonstrate a non-convex pipe 𝑡 (top row) and a non-acyclic piping with 𝑡1 , 𝑡2 (bottom
row). The tubings (in the middle and right) are vertex tubings of the graph multiplihedron, first drawn as
pipings of the edges of the poset, then as tubings of the line graph.

The number of cycle hyperplanes is the same as the number of independent cycles in the Hasse diagram,
the cycle rank: 𝑟 = |𝐸| − 𝑛 + 1 for a connected diagram of 𝑛 nodes. (Kirchoff’s cyclomatic number.) Notice
that combining the equations of cycles gives a new cycle equation. We choose independent cycles by selecting
a minimum set of edges that need to be removed to make the graph a tree, and then pick one cycle for each of
those edges. The number of tubes in 𝑇 is at most 𝑛 − 1 red and blue, including the universal tube, since we
are considering an acyclic tubing of an 𝑛-node poset. Each face of the graph multiplihedron is determined by
one equation for each tube. (There may be many more facets which contain that face, but one for each tube is
sufficient to determine that face.) Thus the total number of equations in the realization of a face is at most
|𝐸|, the number of edges of the Hasse diagram.

Note: the equations themselves are of course not unique, they can be replaced by combinations of
themselves with others, that is, row operations. We often add together independent cycles or subtract tube
equations. Via the latter, we can get a set of equations for tubes where each variable has a non-zero coefficient
only once, as in Definition 18 of [13].

The cycle equalities thus chosen are linearly independent and there are fewer of them than the dimension
we are working in, which is |E|, the number of edges in the Hasse diagram. Thus the number of chambers
is exactly 2𝑟 , where 𝑟 = |𝐸| − 𝑛 + 1. These chambers have all possible sign vectors of 𝑟 components from
{+,−}. To find any vertex of our face 𝐹𝑇 combinatorially we have to add tubes to 𝑇 until we get the max
number of red and blue tubes, which is |𝐸|. So in the case where we have a maximal acyclic poset tubing 𝑇,
we need exactly 𝑟 more red and blue tubes to get |𝐸| of them.

20



So we need to add tubes so that each choice of tube determines a +, or − , that is, the point obeys an
inequality > or < for each of the cycle hyperplanes. We claim that the final calculation of the coordinates
from the maximal tubings will achieve all the combinations of > and < for the cycle equalities. In the case
where we have fewer than 𝑛 − 1 tubes in 𝑇, we start by arbitrarily adding more (and resolve some purple
tubes) to get a maximal acyclic tubing.

Given the maximal acyclic tubing 𝑇, for each cycle 𝑐 of the Hasse diagram there will be a pair of edges of
the Hasse diagram neither of which are the only edge of a single tube, but are either both in or both out of
every tube in 𝑇. Furthermore, in each pair, given a traversal of the cycle, one edge will be oriented with the
direction of the traversal, and the other against. These pairs might overlap, sharing an edge between several
pairs, specifically when cycles overlap. Choosing exactly one edge from each pair and deleting it produces
a spanning tree; and this choice determines a cycle basis for the evaluation space. Taking that collection
of cycles and considering its hyperplanes, we claim there is a vertex of 𝐹𝑇 from the graph multiplihedron
in each chamber of the central arrangement. The claim follows since the collection of edges in the pairs
mentioned are nodes in the line graph that can be completely ordered in nested depth via the additional
tubes (in groupings of these nodes that correspond to cycles sharing an edge.) Furthermore, for each pair of
edges we can choose the tubes to make either edge in the pair at a greater nested depth, and that is a decision
independent of the options chosen for the other pairs. Then for any hyperplane of the chosen cycle basis, we
can (independently of the other hyperplanes) force the vertex to lie on either side of it, due to the exponential
growth of the coordinate values as nested depth decreases. Examples follow; note that the color of the added
tubes again preserves the inequalities needed since the blue tubes cannot be outside of red, and the red tubes
confer an extra factor of 3. □
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Figure 13: Examples of values assigned to the variables associated to each node in some maximal colored
tubings, in the realization of the graph multiplihedron for the graph shown. These are specifically three
ways to add tubes to the maximal acyclic poset tubing in Figure 6 to get a maximal graph tubing.

Examples: Figure 6 shows a maximal acyclic piping on 𝑃 the double claw poset with six covering
relations shown. The same piping is shown as a tubing of the line graph of the Hasse diagram, and in
Figure 13 are shown three of six vertex tubings of the graph multiplihedron found by adding tubes to that
tubing. The leftmost can be checked to obey the inequalities: 𝑥𝑎 + 𝑥𝑑 < 𝑥𝑏 + 𝑥𝑒 < 𝑥𝑐 + 𝑥 𝑓 which lies in
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the chamber designated < −,− >, using the two hyperplanes 𝑥𝑎 + 𝑥𝑑 = 𝑥𝑏 + 𝑥𝑒 and 𝑥𝑏 + 𝑥𝑒 = 𝑥𝑐 + 𝑥 𝑓 . The
center obeys 𝑥𝑎 + 𝑥𝑑 < 𝑥𝑏 + 𝑥𝑒 > 𝑥𝑐 + 𝑥 𝑓 which lies in the chamber designated < −,+ > . The right obeys
𝑥𝑎 + 𝑥𝑑 > 𝑥𝑏 + 𝑥𝑒 < 𝑥𝑐 + 𝑥 𝑓 which lies in the chamber designated < +,− > . The fourth maximal tubing
needed to lie in the chamber < +,+ > is left to the reader. A larger example is shown in Figure 14, to see the
pairs of edges that can occur in a maximal acyclic piping with several separate cycles.

a

b
c

d

e

f

g

Figure 14: A maximal acyclic piping of a poset with 4 independent cycles. These can be chosen so that
{𝑎, 𝑏}, {𝑐, 𝑑}, {𝑑, 𝑒}, and { 𝑓 , 𝑔} are the pairs of edges in each independent cycle such that the pair is either
both outside or both inside all pipes. Choosing one edge from each pair to delete gives a spanning tree.
Adding tubes to make a maximal tubing of the line graph can be done so as to put the resulting points in
each of the chambers of the hyperplane arrangement.

3 New realization for acyclonestohedra

Since the multiplihedron has two facets that are copies of the associahedron, one for all red tubes and one for
all blue tubes, we can realize the acyclic poset associahedra by using the inequalities just for one of these, the
cycle equalities, and an equality for the entire facet. For the all blue facet, that would be just the lower facet
inequalities, with equality for the universal blue tube,

∑
𝑥𝑖 = 3𝑛−1 for 𝑛 edges in the poset.

Table3 shows the realization for the acyclic poset associahedron shown in Figure 5. The image of this
realization is pictured in Figure 15.

4 Quotients of the multiplihedra

In the original description of the multiplihedron, Stasheff considered a simplification for the case of a
function (a homotopy homeomorphism) from a homotopy associative space, to a strictly associative space.
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(lower) facets equalities
𝑥𝑎 ≥ 1 𝑥𝑐 + 𝑥𝑑 ≥ 3
𝑥𝑏 ≥ 1 𝑥𝑑 + 𝑥𝑒 ≥ 3 facet equality
𝑥𝑐 ≥ 1 𝑥𝑎 + 𝑥𝑒 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 + 𝑥𝑒 = 81
𝑥𝑑 ≥ 1 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≥ 9
𝑥𝑒 ≥ 1 𝑥𝑐 + 𝑥𝑑 + 𝑥𝑒 ≥ 9 cycle equality

𝑥𝑎 + 𝑥𝑏 ≥ 3 𝑥𝑎 + 𝑥𝑑 + 𝑥𝑒 ≥ 9 𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 + 𝑥𝑒 = 0
𝑥𝑏 + 𝑥𝑐 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑒 ≥ 9

Table 3: The realization for the fishy poset acyclic associahedron, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑 , 𝑥𝑒) with
subscripts from the edges of the diagram in Figure 5. An image of the realization is in Figure 15.

Figure 15: On the left is the order polytope 𝒪(𝑃) for the poset from Figure 5. On the right is an image of our
new realization for the acyclonestohedron.

The multiplihedron in this case collapses to become the associahedron. The corresponding equivalence for
colored tubings is generated by equating tubings which only differ by the addition of one red tube. For the
graph multiplihedron it has been shown that these equivalence classes yield the polytope known as the
graph cubeahedron, with faces also described by design tubings.

In enriched category theory the alternative quotient was also seen to be important: the case in which the
homotopy homomorphism has an associative domain and homotopy associative codomain. This corresponds
to equivalence for colored tubings generated by equating tubings which only differ by the addition of one
blue tube. These graph composihedra are described in [13] as the domain quotients of graph multiplihedra.

Finally, the equivalence relation generated by both kinds of tube addition, for graph multiplihedra, is
seen to give the Boolean lattice, and more importantly, the face poset of the hypercubes.

Here we define the acyclic poset cubeahedra and acyclic poset composihedra as the posets resulting
from equivalence relations on the acyclic poset multiplihedra generated by addition of red and blue pipes
respectively.

Definition 2. Given a poset 𝑃 define the acyclic composihedron 𝒥𝑑(𝑃) to be the poset of equivalence classes
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of acyclic pipings of the Hasse diagram, under the equivalence relation generated by addition of an acyclic
blue pipe to a given piping. Define the acyclic design associahedron, or cubeahedron, 𝒥𝑟(𝑃) to be the poset
of equivalence classes of acyclic pipings of the Hasse diagram, under the equivalence relation generated by
addition of a red acyclic pipe to a given piping.

Taken together, the equivalence on maximal pipings (vertices of the acyclic multiplihedron) under both
sorts of addition is seen to give a lattice that could be termed the acyclic poset version of the Boolean lattice,
or the acyclic Boolean lattice. However, we show here that it is already correctly described as the lattice of faces
of the order polytope. More importantly, on all pipings, the equivalence under both sorts of addition of tubes
is conjectured to give the face lattice of a new polytope that is actually recognizable. It is in fact the interval
polytope of the face lattice of the order polytope of the poset. We can show a clear poset bĳection, but the
realization as a polytope is more difficult at first look.

Theorem 2. For a poset 𝑃 the equivalence classes of colored pipings under additions of red or blue pipes form a poset
that is isomorphic to the poset of intervals in the face lattice of the order polytope of 𝑃.

Proof. We describe the bĳection 𝑓 which takes an interval 𝐴 of acyclic partitions, in the face lattice of the
order polytope 𝒪(𝑃), to an equivalence class 𝑓 (𝐴) of the colored pipings.

Given a collection 𝐴 of connected acyclic partitions of the nodes of 𝑃, where 𝐴 = [𝑋,𝑌] is an interval in
the face lattice of 𝒪(𝑃), we create a colored piping from 𝐴 by:

1. Discard the singleton parts in any member of 𝐴; that is ignore them for the purpose of defining the
following tubes;

2. For the minimal member 𝑋 of 𝐴, any non-singleton part of 𝑋 which is broken into smaller parts in the
remainder of the interval becomes a purple tube of 𝑓 (𝐴).

3. For the minimal member 𝑋 of 𝐴, any non-singleton part of 𝑋 which is not broken into smaller parts in
the remainder of the interval becomes a blue tube of 𝑓 (𝐴).

4. For the maximal member 𝑌 of 𝐴, any non-singleton part of 𝑌 becomes a blue tube of 𝑓 (𝐴).

5. If the minimal member 𝑋 of 𝐴 is not the minimal element of the lattice of 𝒪(𝑃) (the trivial partition)
then the universal tube of 𝑓 (𝐴) is red.

The construction of 𝑓 (𝐴) is seen to give a minimal representative of the equivalence class of colored tubings,
from which no red or blue tubes can be removed without changing that class. The vertices of the interval
lattice (faces of the order polytope lattice) are taken to vertices of the quotient lattice of tubings. Also, the
ordering relation of the intervals is preserved by our map, since containment of sub intervals becomes
resolving purple tubes (when red, the resolved tube is then dropped to reflect the equivalence under addition
of red inside of red), or addition of blue tubes inside of purple (when added outside a blue tube, the inner
tube is dropped to reflect the equivalence under addition of blue inside of blue). □
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Examples of the mapping from the proof of Theorem 2 can be seen in Figures 19 and 20. The latter figure
shows the vertex labels of both polytopes for the diamond poset, in corresponding location. Then any face
shown in Figure 19 can be compared with the corresponding face in the right-hand polytope of Figure 20. The
face labels of the interval polytope are simply [𝑋,𝑌] where 𝑋 and 𝑌 are the minimal and maximal vertices of
that face, that is, the minimal and maximal elements of an interval in the face lattice of the order polytope.

When the poset 𝑃 is acyclic, with a Hasse diagram that is a tree, then the order polytope 𝒪(𝑃) is a simplex.
The acyclic Boolean lattice is the Boolean lattice, and the interval polytope of the order polytope is the
hypercube. This situation recaptures a special case of quotients of the graph multiplihedron (of the line
graph of the Hasse diagram of 𝑃) as described in the general case in [13].

By using the realization of the acyclic poset multiplihedron, there is an obvious way to achieve realizations
of the quotients. However it is not just by performing the quotient on the graph multiplihedron and then
finding a cross section of that quotient polytope. That is due to the fact that the quotient on the graph
multiplihedron is under additions of red and blue tubes regardless of acyclicity. Note for instance that the
corresponding cross section of the hypercube does not yield the trapezohedron (the trapezohedron is the
correct result for the diamond poset). Rather it is required to follow the other order, first simplify the new
realization of the acyclic multiplihedron and then take the quotient. Thus the realizations for these quotients
need a dedicated proof, so we conjecture here and leave that proof for future work.

Conjecture 1. Given equivalence relations on colored pipings of a poset 𝑃, generated by 1) addition of blue pipes,
2) addition of red pipes, and 3) generated by both additions; the resulting posets are realized as polytopes found by
collapsing faces of the acyclic multiplihedron. In the third case, with both equivalences, the result is the interval polytope
of the order polytope of 𝑃.

To realize each quotient, experimentally it appears to give the correct result if we remove from the
realization of the full acyclic poset multiplihedron the facet inequalities which correspond to facets now
equivalent to lower dimensional faces by addition of a single red or blue acyclic tube. At the same time the
remaining facet inequalities must be extended, with their constant set equal to the max power of 3 for single
red tubes, or equal to 1 for single blue tubes.
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Figure 16: Facet pipings (center of each column of equivalences) of the diamond poset, corresponding to
facet inequalities to be dropped from the realization to achieve (left column) the acyclic design associahedron
(cubeahedron) and (right column) the acyclic composihedron. Equivalences are shown for the facets that
become lower dimensional faces, under addition of red or blue tubes.
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Figure 17: Top: the multiplihedron for the acyclonestohedron of the four-element diamond poset. On the left
is the domain quotient, on the right the range quotient, and at the bottom is the interval polytope of the
order polytope of the diamond. Note that this interval polytope of the order polytope is a trapezohedron,
with a side view in Figure 19. It turns out to be the same polytope as for the bowtie poset, as seen in Figure 1.
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Table 4, first column, shows the realization for the acyclic cubeahedron (range quotient, under addition of
red tubes), or acyclic design associahedron, of the diamond poset. Compare to Table 1, where five upper
facets have been removed corresponding to the first column of Figure 16, and the remaining four upper
facets have had their constant maximized accordingly. The acyclic design associahedron (cubeahedron) has
𝑓 -vector (17, 26, 11) as seen on the right of Figure 17.

acyclic acyclic order
cubeahedron composihedron interval polytope

𝑥𝑎 ≥ 1 𝑥𝑎 + 𝑥𝑏 ≤ 72 𝑥𝑎 + 𝑥𝑏 ≤ 81
𝑥𝑏 ≥ 1 𝑥𝑐 + 𝑥𝑑 ≤ 72 𝑥𝑐 + 𝑥𝑑 ≤ 81
𝑥𝑐 ≥ 1 𝑥𝑎 + 𝑥𝑑 ≤ 75 𝑥𝑎 + 𝑥𝑑 ≤ 81
𝑥𝑑 ≥ 1 𝑥𝑏 + 𝑥𝑐 ≤ 75 𝑥𝑏 + 𝑥𝑐 ≤ 81

𝑥𝑎 + 𝑥𝑏 ≥ 3 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 ≤ 78 𝑥𝑎 ≥ 1
𝑥𝑐 + 𝑥𝑑 ≥ 3 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑏 ≥ 1

𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≥ 27 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑑 ≤ 78 𝑥𝑐 ≥ 1
𝑥𝑎 + 𝑥𝑏 ≤ 81 𝑥𝑎 + 𝑥𝑐 + 𝑥𝑑 ≤ 78 𝑥𝑑 ≥ 1
𝑥𝑐 + 𝑥𝑑 ≤ 81 𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐 + 𝑥𝑑 ≤ 81
𝑥𝑎 + 𝑥𝑑 ≤ 81 𝑥𝑎 ≥ 1
𝑥𝑏 + 𝑥𝑐 ≤ 81 𝑥𝑏 ≥ 1

𝑥𝑐 ≥ 1
𝑥𝑑 ≥ 1

cycle equality
𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 = 0 𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 = 0 𝑥𝑎 − 𝑥𝑏 + 𝑥𝑐 − 𝑥𝑑 = 0

Table 4: The realizations for the diamond poset acyclic cubeahedron, composihedron, and interval polytope
using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with subscripts from the edges of the diagram in Figure 8. Compare to Table 1,
where certain facets have been removed or maximized according to the equivalences in Figure 16. An image
of all the polytopes is in Figure 17, and the realizations are pictured in Figure 18.

Table 4, second column, shows the realization for the acyclic composihedron, or domain quotient (under
addition of blue tubes), of the diamond poset. Compare to Table 1, where three lower facets have been
removed according to the first column of Figure 16. The only lower facets remaining already had their
constant minimized. The acyclic composihedron has 𝑓 -vector (19, 30, 13) as seen on the left of Figure 17.

Table 4, third column, shows the realization for the acyclic interval polytope, the simultaneous domain
and range quotient for the diamond poset, using variables (𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 , 𝑥𝑑) with subscripts from the edges
of the diagram in Figure 8. The acyclic interval polytope has 𝑓 -vector (10, 16, 8) as seen on the bottom of
Figure 17.
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Figure 18: Results of the realization of the acyclic composihedron and cubeahedron (acyclic design
associahedron) for the diamond poset, as given in Table 4.
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